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A LAZER-MCKENNA TYPE PROBLEM WITH MEASURES 


LUIGI ORSINA AND FRANCESCO PETITTA 


Abstract. In this paper we are concerned with a general singular Dirichlet 
boundary value problem whose model is the following 

{ —An = in S7, 

u'y 

u = 0 on dfl, 

u > 0 on . 

Here fi is a nonnegative bounded Radon measure on a bounded open set D C 
R-^, and 7 > 0 . 
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1. Introduction 

We deal with a general singular Dirichlet boundary value problem whose model 
is the following 

{ —Au = — in D, 
u = 0 on 

u > 0 on n, 

where jj. is a. nonnegative bounded Radon measure on a bounded open set D C , 
N >2, and 7 > 0. 

Problems as in (dj have been extensively studied both for their pure mathe¬ 
matical interest (see [7] and m) and for relevant connections with some physical 
phenomena (see [E]). 
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In particular, if 17 is smooth and ^ is an Holder continuous function that is strictly 
positive in 17 then there exists a unique classical solution u € C^+“(I7) n (7(17) to 
problem (dl). However, this solution fails to have finite energy (i.e u belongs to 
Hq{Q)) if 7 > 3 and it is not (7^(17) if 7 > 1 (see [HI[7]). See also the recent paper 
m for further details on the role of the exponent 7 = 3. 

In |5] the existence of a distributional solution for problem (HH) is proved if 
belongs to some Lebesgue space L'"(r7) with m > 1. Moreover, if 7 > 1 the solution 
belongs, at least locally, to 77^(17), while for 7 < 1 it turns out to be a locally infinite 
energy solution though it belongs to some larger Sobolev space. In the same paper 
the authors also show that if /r is singular with respect to some suitable capacity 
then no solutions are expected to exists at least in the sense of approximating 
problems. The result is also extended to more general linear operator having a 
principal part in divergence form. Finally, the case of nonhomogeneous problems 
is treated in [l4] . 

In this paper we deal with problems as (HH) where /r is a bounded Radon measure 
which is diffuse with respect to a suitable capacity (depending on the value of 7 ). 
We stress that our results turn out to be sharp with respect to the nonexistence 
result in (see Remark [33] below). 

The key point in the proof of |5] was to choose a suitable nondecreasing sequence 
of approximating solutions in order to get a uniform bound from below for the 
solution. This allows to give meaning, at least locally, to the right hand side of 
the equation. When dealing with measures, as pointed out by the same authors, 
the main difficulty (but not the only one) in order to prove existence of solutions 
relies on the impossibility to approximate the datum with an increasing sequence 
of bounded functions. In order to get rid of this problem, in this paper we will 
construct suitable local barriers from below for the approximating problems, which 
in turn allow us to provide, as a by-product, a simplified proof of the results known 
if the datum /i is not singular with respect to the Lebesgue measure. Our argument, 
at least in the case of a measure which is not singular with respect to the Lebesgue 
measure, does not make use of any monotonicity argument. The case of a general 
diffuse measure, possibly singular with respect to C, is much more delicate and will 
be treated in Section |S] via a suitable monotone approximation argument of the 
datum essentially due to Dal Maso, and Baras and Pierre ([an])- Let us finally 
stress that one of the problems to deal with when treating these singular problems 
consists in providing a suitable definition of solution which has to be regular enough 
in order to give sense to the term on the right hand side of (HH). 

The paper is organized as follows: in the next Section we introduce the main 
tools and notations we will use throughout the paper. Section [3] is devoted to state 
the first existence result in the case of measures that are not singular with respect 
to the Lebesgue measure, to introduce the approximating scheme we will use and 
to obtain some basic estimates on the approximating problems. In Section |4| we 
prove the existence result in this case, while Section [5] will be devoted to the case 
of a measure datum that is singular with respect to the Lebesgue measure. Finally, 
in the last section we provide a uniqueness result in the case 7 > 1 . 
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2. Some basic facts on capacity and measures 

2.1. Diffuse measures. First of all, let us recall the concept of p-capacity which 
will be useful in order to characterize the datum of our problem (for further details 
see [I0]1. 

Let iL C n be a compact set, and 

w{K,n) = {pectin) ■. p>xk}, 

where xk represents the characteristic function of K. For p > 1, we define the 
p-capacity of the compact set K with respect to fl as the quantity 

capp(iF) = inf |y |Vp|^ dx ■. p & W{K, il) 

The above definition is extended in a standard way by regularity to all Borel 
subsets of il. 

Let us denote with the set of all measures with bounded variation over 

fl that do not charge sets of zero p-capacity, that is: if p G then p{E) = 0, 

for all Fi G n such that capp{E) = 0. As it is nowadays standard in the literature 
we will simply call diffuse a measure p in Alg(n) while, in general, the measures 
in Alg(n) will be called absolutely continuous with respect to the p-capacity (or 
diffuse with respect to the p-capacity). 

Also notice that, as an immediate consequence of its definition, p-capacity enjoys 
the following monotonicity property with respect to the index p. If 1 < pi < P 2 , 
then capp^ < capp^. This means, roughly speaking, that, asp grows, the sets of zero 
p-capacity decrease while the number of diffuse measures increases, the threshold 
being p = N. In fact, if p > A^ every nonempty set has positive p-capacity, so that 
AlQ(n) = AI(n), the set of all bounded Radon measures on fl. 

In [3] is proved that, if p G then it may be decomposed as 

(2.2) p = /-div(G), 

where / G L^{il) and G G {L^ . The reverse statement is also true, that is a 

measure that can be decomposed this way is in AdQ(r2). We stress the obvious fact 
that such a decomposition is not unique. 

Also observe that if one considers the (unique) decomposition of a measure p in 
AlQ(f2) as 

p = Pa + Ps 

with Pa absolutely continuous, and ps singular with respect to the Lebesgue mea¬ 
sure then, as pa G we also have ps G Alg(n); moreover, if p is nonnegative 

then both pa and ps are nonnegative too. Notice that the same does not happen 
if one looks at the decomposition (12.21) : in fact, even if p is nonnegative we can not 
expect the term —div(G) to be nonnegative as showed in [U Remark 2.3] unless 
Ps G W~^’P (SI). This remark will be useful later when we will construct suitable 
subsolutions to our problem. 

2.2. Notation. Throughout the paper, if not explicitly stressed, G will denote 
any positive real number depending only on SI, JV, and on the data of the problem, 
whose value may change from line to line. For s in R, and k > 0, we will use the 
standard truncation at levels ±fc defined by Tk{s) = max(—F, min(s, fc)). 

We will also use a well known consequence of Egorov theorem that we state for 
the convenience of the reader. 
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Theorem 2.1. Let {/«} C L^{Ll) and {gn} C be two sequences such that 

fn weakly converges to f in L^{n), and gn converges to g a.e. in and *-weakly in 
L°^{n). Then 

lim / fngn dx = / fg dx. 

Jn 


3. Main assumptions and first existence result 

Let O be a bounded open set of , N > 2. Moreover, let A : n- 

be a symmetric matrix satisfying the following standard assumptions: there exist 
two positive constants 0 < a < (3 such that 

(3.3) a-e. on ft, , 

and 

(3.4) 1^(2:) I < /?, a.e. on fl . 

For 7 > 0, and fj, in A4(n), we will consider the following singular elliptic problem 

{ —div(A(a:)VM) = ” in 17, 
u = 0 on dfl, 

u > 0 on 17 . 

In order to provide an almost elementary and self-contained proof of Theorem 
l3.4l below. first we will assume that ^ 0 (in Section[5]we handle the case of purely 
singular measures). First of all we need to introduce the definition of solution for 
problem (j3.5p . The main difficulty relies in giving sense to the right hand side as u 
need not be, in general, a continuous function. 

Definition 3.1. Let p > 1 and g, G AIo(17). A function u is said to be a (distribu¬ 
tional) solution to problem (13.51) if u S fLjQ^(17), for any compact subset a; CC 17, 
there exists a positive constant c^j such that 

u > Cai > 0 a.e. on lo , 


(3.6) 


A{x)'S/uVy) dx 



• if 7 < 1 then u G Wq^’^(17), 

• if 7 > 1 then G iLg(17). 


for any p € 27(17), 


Remark 3.2. Notice that the right hand side of (|3.6I) is well defined only as duality 
between IFq^’^( 17) n L°“(17) and L^(17) -|- 1F“^’^'(17). In fact, on one hand, since g 
is a diffuse measure with respect to the p-capacity then from (12.21) we know that 
g G L^(17) -I- (17). On the other hand, as we require u to be strictly positive 

on every compact subset of 17, then it is easy to check that u~^ € (17)nLj^j.(17), 

and so (pu~^ G IFq ’^(17) n L°°{Lt). By keeping this fact in mind, with a little abuse 
of notation the right hand side of (13.61) is nothing but 

J^—d'g-={g,<pu ^)Li(n)+iT-Lp'(a),Wo’r(n)nL°“(n) ’ 
for every p G 'D{Lt). 
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A second important remark is the following: as we saw the use of test functions 
in 2 ?(n) is useful in order to give sense to the right hand side of the equation, but it 
is not only a technical device. In fact, even in the regular case (e.g. smooth and 
p a positive Holder continuous function on fl) the right hand side of the equation 
is not integrable in general (unless 7 < 1) (see [TT]b 

Remark 3.3. Some words on the boundary data are in order. If 7 > 1 then the 
boundary datum is achieved in a weaker sense than the usual one. Anyway let us 
observe that, if fl is smooth enough and u^~ G Rq (H), then 

lim - / (x) dx = 0 

^ J{x:dist{x,dQ)<e} 

(see for instance [I 6 )b Now, as u is nonnegative and 7 > 1, using Holder’s inequality 
one can easily get that 

(3.8) lim - ( u{x) dx = 0, 

6 J^x:dist{x,dQ)<e} 

which is a clearer way to understand the boundary condition and that will be used 
in Section [ 6 ] in order to prove uniqueness. 

Now we are in the position to state our main existence result. 

Theorem 3.4. Let either 7 > I and ^ he a nonnegative dijfuse measure with respeet 
to the 2-capacity or 0 < 7 < 1 and p he a nonnegative diffuse measure with respect 
to the q'-capacity with q' = Moreover assume pLa ^ 0. Then there exists 

a solution for problem SS. .51) in the sense of DeHnition \S. R 

Remark 3.5. Notice that the result of Theorem [33] perfectly fits with the nonexis¬ 
tence result in [^. In fact, in that paper the authors prove nonexistence of solutions 
for problem (13.51) (in the sense of approximating sequences) if either 7 > 1 and /i 
is concentrated on a set of zero 2 -capacity or 0 < 7 < 1 and pt is concentrated on a 
set of zero g'-capacity with q' = observe that, if 7 < 1 then q' > 2 

so that, due to the properties of the capacities, we are allow to consider a larger 
set (with respect to the case 7 > 1 ) of measure data. 

3.1. Approximating solutions and basic estimates. We need to approximate 
the measure pi with a sequence of smooth functions. The following approximation 
result can be found for instance in |4] (see also [12] )• 

Proposition 3.6. Let p. = f — div(G) he a nonnegative measure in Alg(H). Then 
there exists a sequence of nonnegative functions pn G L'^(fX) such that 

Pn = fn - div{Gn) in )P'(H) , \\pn\\Li{Q) < C , 

where fn belongs to L'^iLl) and weakly converges to f in L^(H) and Gn strongly 
converges to G in {L^ (H))^. 

In order to construct suitable subsolutions for our approximating problems we 
need to approximate the datum p in a particular way. Consider the decomposition 
of p with respect to the Lebesgue measure 

P = Pa+ Ps, 

and let ps^n be an approximation of the singular part of p given as in Proposition 
13.61 (remark that 0 < Ps < p and so ps G AIo(H)). 
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Let Un be a solution to 


(3.9) 


j -div{A{x)Vun) 
[wn = 0 


Tni^J.a 




in n, 
on dfl. 


Existence of positive distributional solutions for problem (13.91) can be deduced by 
standard fixed point argument as in [^. Moreover, depending on the value of 7 , 
the sequence {ti„} satisfies some a priori estimates that we collect in the following 


Proposition 3.7. Let be a solution to problem / f.9.,91) . Then 

( 1 ) // 7 < 1 , then 


ll“'»llwo"’«(n) ^ C”, where q 


iV(7 + l) 
fV-1+7' 


( 2 ) If ^ = 1, then 




(3) 7/7 > 1, then 

"y + l 

\\un\\m{u:) < Cu; VluCCH, and \\Un^ llffi(n)<C'. 

Proof. The proof of this result can be easily deduced from, respectively, Theorem 
5.6, Lemma 3.1, and Lemma 4.1 in [5]. □ 


Now we state and prove the key result of this section, that will allow us to pass 
to the limit in the approximating problems. 

Lemma 3.8. Let Un be the solutions of problem i3.9\) with pa 7 ^ 0. Then, for any 
Lu CG Ll there exists a positive constant such that 

(3.10) Un > Cui > 0, V n G N. 


Proof. Let w be the (unique) weak solution of problem 

f-div(kl(a:)Vu;) = in L!, 

1 IP = 0 on dit. 


In (Lemma 2.1) it is proved that w € Hq{LI) r\L°°{Lt)-, moreover w > > 0 on 

every compactly supported tv C LI. 

Then, for any n, we have that 

/o 1 1 \ j. z' /I /• ^ ^ TnifJ-a) , TnifJ-a) + Ts,n 

(3.11) - div(A(a;)Vu;) < . < —r^—-^ , 

where we have used that pLs^n > 0. Now we take {w — Un)~^ as test function in both 
(13.91) and (I3.11L we subtract the two formulations and we use ellipticity in order 
to get 

a / \V{w — Un)'^dx 

Jn 


(Tn(^a) p.s,n) 


< 




{w - u„)+ < 0 
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from which we deduce Un > w a.e. on that is, for any w CC O, there exists 
Cui > 0, such that 

Un>W>Ci^>0, 

and this conciudes the proof of (I3.10p . □ 


4. Proof of Theorem 13.41 


Proof of Theorem \3.4\ In order to deai with the different reguiarity and conver¬ 
gences that one derives from ProDOsition l3.7l we need to distinguish between various 
vaiues of 7 . 

Proof of Theorem \3.4\ in the case 7 = 1 . Recaii that, by Proposition 13.61 
Ms.n = fn- div(G„) in , 

where fn beiongs to and weakiy converges to f in L^(n) and Gn strongiy 

converges to G in with tis = f - div(G). 

Moreover, using Proposition 13.71 and Lemma 13.81 we easiiy deduce the existence 
of a function u £ HI{PL) such that, up to subsequences, 

Un —> u a.e. and weakiy in iJg(f 2 ), 


and 

/I 1 

—\- Un] —^ — a.e. and *-weakiy in L°^(uj), Vw CC O . 

\n ) u 

We need to pass to the iimit in the distributionai formuiation of (13.91) : so, if 
£ V{n), we have 


(4.12) 


j A(a;)VM„V (/5 dx = j ^ 
JQ. JQ. 

, f fnT 


Tn{tia)T 


/ o ^ T Uj] 


dx 


Gn,S/ 


dx 


- + Ur 


Thanks to the convergence resuits we proved, there are no difficuities in passing to 
the iimit in aii terms of (14.121) but the iast one. Only notice that in the convergence 
of the second integral on the right hand side of ()4.12l) we also need to use Theorem 
O as we only ask for a weak convergence in for the sequence {fn}- In order 

to pass to the limit in the last term, observe that 


T \ _ Vy> _ yun 

^+Un) ^+Un 

and, while the first term on the right hand side is strongly convergent in (L^( 0 ))^, 
the second one is weakly convergent in (L^(r 2 ))^ as ip has compact support in O 
and by Theorem 12.11 This is enough, recalling (13.711 . in order to pass to the limit 
in (14.1211 and to get 

/ A{x)'Vuyip dx= —dfi, for any ip £ 'D{Pt). 

Jq Jn u 

Proof of Theorem \3.4\ iu the case 7 > 1. The proof in this case is very similar, 
up to localization, to the previous one. 

Again we have 

Ms.n = fn- div(G„) in V'{n ), 

where fn belongs to and weakly converges to f in L^(0) and G„ strongly 

converges to G in with div(G). 
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Now, using Proposition l3.7l and Lemma l3.8l we deduce the existence of a function 
u G i7[Qj,(r2) such that u^~ G i7g(0), and such that, up to subsequences, 

Un —> u a.e. and weakly in H^{uj) , Vw CC , 


and 


1 

- \-Ur 

n 


— a.e. and *-weakly in L°°{uj), Vw CC . 


If G there are no problems in passing to the limit in all terms of the 

distributional formulation of (|3.9L that is in 

Tn{fJ,a)‘P 


j A{x)VUnV(p dx = j 

, f fn^ 


Jn {^+ Unp 

Only observe that in this case 


dx 


ii+UnP 

Gn,y 


dx 




ii+UnP 


Vip 


VUn 




7+1 




and we can apply again Theorem 12.11 in order to deal with the second term. We 
then pass to the limit in (14.121) and we get 

/ A{x)VuVip dx= —dfj,, for any ip G 2?(n). 

Jq Jq 

Proof of Theorem \3.4\ in the case 7 < 1. Now, let q = In this case, using 

Proposition 13.61 we have that 


Ps,n = fn- div(G„) in V{U ), 

where /„ belongs to L?{yi) and weakly converges to / in L^(n) and Gn strongly 
converges to G in (L'i'(n))^, with fj,^ = f — div(G). 

From Proposition l3.7l and Lemma l3.8l we now deduce that there exists a function 
u G lFQ’'^(n) such that, up to subsequences, 

Un —> u a.e. and weakly in VFq, Vw CC 12 , 

and 

fl \~^ 1 

—h tin —t — a.e. and *-weakly in L°°{uj), Vw CC 12 . 

\n } til' 

If p G 12(12), we pass to the limit in the distributional formulation of (13.91) . as 
before and we get 

/ A{x)VuVp dx= —dp, for any p G 22(12). 

Jn Jn 

In fact, observe that we have 

/ p \ _ S/p _ S/Un 

V (i + UnV y (i + UnV ^ (i + tin)'^^' 

and we can use again Theorem 12.11 in order to get the weak convergence of the 
second term in . 

□ 
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5. The case ^ Jl C 

This section is devoted to the study of the case /i T T; that is, fia = 0. This 
situation is much more delicate and can not be faced with the elementary techniques 
of the previous sections. We will develop a refined monotonicity argument which is 
based on a monotone approximation for diffuse measures. We also stress that the 
following argument, with suitable modifications, works for any diffuse measure (in 
the sense specified in Theorem l3.4|) not only the ones concentrated on a set of zero 
Lebesgue measure. We will prove existence of a solution in full generality in the 
case 7 > 1 , while in the case 7 < 1 there is a “gap” between what one expects, and 
what we can prove. 

So, given /i T T, we consider problem 

f —div(^(a;)Vu) = — in fl, 

(5.13) ^ ^ ’ u-y 

(u = 0 on 9f2, 

where fl is an open bounded set of A is an elliptic matrix satisfying (13.3p and 
(13.41) . and 7 > 0. 

We will use several technical results. The first one is a corollary of a result in [S] 
(see also i) that we state as in [TJ Lemme 4.2] (see also [16] 1. 

Lemma 5.1. Let fi he a nonnegative diffuse measure with respect to the p-capacity. 
Then there exists an increasing sequence of nonnegative increasing measures fin S 
(O) such that fin converges to ft strongly in A4(0). 

We will also use the following consequence of a standard capacitary result that 
can be found in m Proposition 2.7] (see also [IH])- Recall that, if m G IT^’^'(n) 
then one can consider its capp-quasicontinuous representative u: a function which 
satisfies 

a) u = u a.e. on 12 , 

b) for all e > 0 there exists a set E such that cdipp{E) < e and u is continuous 
on VL\E. 

From now on we will always refer to the capp-quasicontinuous representative of 
the involved Sobolev functions. 

Lemma 5.2. Let ft be a nonnegative diffuse measure with respect to the p-capacity, 
and let u € WQ^’^(f2) (nL“(12) he a nonnegative function. Then, up to the choice of 
its capp-quasicontinuous representative, u belongs to L°°{VL,fT) and 

U dfL< ||u||L=»(f2)^(f2) . 

Jn 

Here is the main existence result of this section: 

Theorem 5.3. Let either 7 > 1 and fi be a diffuse measure with respect to the 
2-capacity or 0 < 7 < 1 and fi be a diffuse measure with respect to the q-capacity, 
with q = . Then there exists a distributional solution for problem i5.1S\} . 

Remark 5.4. The result in the case 7 < 1 is not optimal. In fact, in the case of 
a measure ft concentrated on a set of zero Lebesgue measure, we need to restrict 
the set of admissible measures to those in A4g(12) rather than A4g ( 12 ) in order to 
prove our existence result. This reflects a standard difficulty which arises from a 
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lack of suitable regularity results when the datum involves measures in 

with q < 2. For some further comments on this fact we refer the reader to [2] (and 

also [T5]l. 


Proof of Theorem 1 5. ,91 As in the proof of Theorem 13.41 we will distinguish between 
the three cases 7 = 1 , 7 > 1 and 7 < 1 , adopting the strategy of approximating 
the problem, proving a strict positivity result for the solutions of these problems, 
as well as some a priori estimates, and then passing to the limit. 

In what follows, we define 


9 ( 7 ) 



if 7 > 1 , 
if 0 < 7 < 1 , 


9 '( 7 ) 


2 

Af(7+1) 

(A--1)7+1 


if 7 > 1 , 
if 0 < 7 < 1 . 


Let /r be a nonnegative diffuse measure with respect to the 9 ( 7 ) capacity, and 
let {p-n} be an increasing sequence of nonnegative measures in given by 

Lemma l5.11 strongly converging to p. Since 9 ^( 7 ) > 2, thanks to Schauder theorem 
it can be easily proved that for every n in N there exists a (unique) positive solution 
Un in iJi(fl) of 


(5.14) 


-div(A(a;)VM„) = ,, in 11, 

in+UnP 

Un = 0 on dfi. 


We begin by choosing v = (it„ — u„+i)+ as test function in (I5.14p . a choice which 
is possible since v belongs to iLg(ll). We obtain, after subtracting the equations 
for Un and Un+i, using (13.3L and recalling that Pn is increasing. 


a / |V(u„ - M„+i)+p(ia; 
JQ 


< 


< 


< 


dpn 


i^+UnP 

(;i^ + u„+i)T' ] 

1 

1 \ 

ih+UnP 

+Un+l)^ j 

1 

1 

(f+T + 

(;i^ + U„+l)T' 


(Un - Un+l)~'' 

{Un - Un+l)^ dpn+1 

(Un - Un+l)^ dpn+l < 0 . 


Thus, we have proved that 


(5.15) 0 < Un < Un+i for every n in N. 

We now remark that pi/ (1 + ui)^ is not identically zero and nonnegative. Then, 
by the strong maximum principle we have that, for every w CC 11, there exists 
Cuj > 0 such that ui > in u). Therefore, we have proved that 

(5.16) for every to CC H there exists > 0 : in uj, for every n in N. 

We now turn to a priori estimates. 

If 7 = 1, choosing Un as test function (which can be done since belongs to 
iLg(ll), and the right hand side to the dual space iL“^(ll)) we obtain, after using 
(13.31) . that 

a [ —dpn < Pniyt) < C , 

Jn Jn n 
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where in the last passage we have used Lemma 15.21 Therefore, we have proved that 
(5.17) the sequence {un} is bounded in i7o(ll) = 

If 7 > 1, let fc > 0 and choose v = Tk{un)^ as test function in ()5.14(1 : note that 
this choice is admissible since v belongs to 77o(^) right hand side is in the 

dual space Using again (13.31) and Lemma 15^ we have 

TkiUnV 


ail |VTfc(it„)prfc(u„)'>' ^ dx < 


'n ih + UnP 




Thus, we have proved that 


4a7 


(7 + 1 )^ 

which implies, letting k tend to infinity, that 

7 + 1 


[ |VTfc(u„)^|2dx<C, 
Jo, 


In 


|Vr 


'-dx<C. 


The proof of the estimate now follows exactly as in 0 Lemma 4.1] with 
straightforward modifications. Only observe that, in order to handle the source 
term we use Lemma 15.21 and (|5.16|) to have that 

„2 


Un^ 


dfJ-n < 


1 


7 — 1 

CiL 




Jn in + Unp 

where supp(v3) C uj CC fl. Therefore, we have proved that 

(5.18) the sequence {un} is bounded in (U). 

If 7 < 1, we let 0 < e < i and choose v = {e + Unp — as test function in 
(I5.14[) : this is allowed as v belongs to HpU), and being in with 

q'il) > 2, is in i7“^(0). Using (13.31) as before, as well as Lemma E21 we obtain 
r /* _L w _ ^7 

(5.19) ai \Vun\'^ie + UnP~^ dx < / —-—— d/r„ </in(U) < C . 

Jn Jn pi+UnP 

Now we apply Sobolev inequality and then let e tend to zero to obtain 

r 2 * ( 7 + 1 ) 

Un ^ <C, 

Jn 

so that {«„} is bounded in L'*(U), with s = ■ 

Coming back to (I5.19P we use Holder inequality to obtain 

PUnP^'> 


dx= [ 

Jn 


g(7)(l-7) 


gC^Xi— r) 


n (e + Un) 2 


—y(e + u„) 2 


< 


|Vm„P(£ + Un) 


7-1 


g(7) 


P + UnY 


g(7) 


<c. 


Thus, we have proved that 

(5.20) the sequence {uti} is bounded in (H). 

Summing up the results of (I5.17|) . (I5.18|) . and (15.201) . we have that {u„} is 
-AM 

loc 


bounded in (and actually more, if 7 < 1). Thus, also using (15.151) . 
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weakly converges to some positive function u in kkjoc (fi)- Choosing in 
as test function in (15.141) . we have that 


/ A{x)Vun ■V^= . 1 ^ ■ 

Jn Jaii+UnP 

Using the (local) weak convergence of in (P,), we have that 


lim / A{x)Vun-y^= / A{x)Vu-V<f, 

Jn 


so that it only remains to pass to the limit in the right hand side to conclude the 
proof of the theorem. 

We have 


[ _^_ 

Jn + Un)'^ 



d{Hn 


m) 




In + Unp 




and we will separately analyze the two terms on the right hand side of the above 
identity. First of all, if uj is an open set compactly contained in U and containing 
the support of ip, thanks to both Lemma [5.11 and Lemma [5.21 and to (15.161) . we 
have 

d(/i„ - p) < ^||‘/?||L-(n)lMn - Ai|(f^) 0. 

Ccj 

On the other hand, since /i is diffuse with respect to the 9 ( 7 ) capacity, we know that 
p = f — div(G), with / in L^(0) and G in {L‘^ *■'''^(0))^. Therefore, reasoning as in 
the proof of Theorem 13.41 we deduce that converges to both ^-weakly 

in L°°{n) and weakly in so that we have 



[ _^_ 

Jn + Un)'^ 


and this concludes the proof. 


□ 


6. A GENERAL UNIQUENESS RESULT IF 7 > 1 
In m the uniqueness of a G^+“( 0 ) (~l G( 0 ) solution for problem 

{ —Au = — in O, 
vA 

u = 0 on 90, 

u > 0 on O, 

was proved if the case of a strictly positive p G G“( 0 ) if O is a domain of class 
G 2 +“, for some 0 < a < 1. In our case, for arbitrary 7 , there is no chance to 
deal with such smooth solutions since, as we have seen, not even local finite energy 
solutions can be obtained, at least in the case 7 < 1. If 7 > I we show a general 
uniqueness result for the model problem (I6.21|) in the case of p being a diffuse 
measure. In order to deal also with the case 7 > 1 we assume some smoothness on 
n (e.g. Lipschitz boundary). The proof is based on a Kato’s type inequality. 

Theorem 6.1. Let 7 > I and let /i be as in Theorem \ 3.4\ Then the solution to 
problem S6.21\} is unique. 

















A LAZER-MCKENNA TYPE PROBLEM WITH MEASURES 


13 


Proof. Let u and v be two solutions to problem (I6.21|) and consider w = u — v. We 
will prove that u <v, the reverse inequality being similar. Consider a nonnegative 
S and choose as test function in the weak formulations of both 

u and u; subtracting, we obtain 

- I \Vw\'^(fdx+- I VwV(pTi.{w)'^ dx 

^ J{w+<s} £ Jn 

now we drop the first nonnegative term and we let e ^ 0 so that, observing that 
{u~^ — )sign(w) < 0 , we get 

( 6 . 22 ) -Ar(;+ < 0 in 

If 7 = 1, this proves the result as w S Wg^’^(n) (see for instance [SI Proposition 
4.B.1]). 

If 7 > 1, recalling (13. 8p in Remark [331 we deduce 

lim - f w~^{x)dx = 0, 

^ J {3::dist(a:,c?n)<e} 

that together with (16.221) allows us to apply Proposition 5.2 of [16] in order to get 
that 

-Ar(;+<0 in (C'o°°(fI))', 

where (7^(12) is the set of functions in that vanish on 912. 

We can now apply standard weak maximum principle (see for instance Proposi¬ 
tion 5.1 of [16]) and we get that = 0. This concludes the proof of the result. □ 

Remark 6.2. We stress again that uniqueness results for singular problems as the 
one we considered are very hard to prove in general. Some results in this direction 
can be found in the recent paper [3] (see also [2]). A trivial remark is that the 
previous proof works also for 7 < 1 in the class of functions: that is, if 7 < 1 , 
then solutions to problem () 6 . 21 l) (if they exist) are unique. 
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